The spectral inverse AS of a Toeplitz matrix A whose form is related to that of a circulant matrix is studied by describing the algebraic structure of the semigroup of all matrices commuting with a given matrix with distinct eigenvalues. A computational form for A8 is given and necessary and sufficient conditions are found for
INTRODUCTION
A square complex matrix A = (a,J is said to be Toeplitz if it is striped about the main diagonal so that it has the form where a0 # 0 and B is nonsingular, is itself Toeplitz if and only if there exists a number k such that When k = 1, A becomes a circulantl matrix where aij = u~_~, 1 < i, i < n and a,. = a, for r = s mod n. A matrix of this form is said to be k-circdant.
We shall consider generalized inverses of matrices of this type.
For an m x n matrix A, any solution to the equation A = AXA is called a generalized inverse of A. If, in addition, X satisfies X = XAX then A and X are said to be semi-inverses. Notice that if A = AXA, then A and XAX are semi-inverses and AX and XA are idempotent.
The unique semi-inverse X of A such that AX and XA are Hermitian is called the Moore-Penrose inverse [13] of A and is denoted by A+. The properties and applications of such inverses are described in a number of papers including Penrose [13] , Ben-Israel and Charnes [3] , Cline [7] , and Greville [9] . One of the main values of the Moore-Penrose inverse A+, both conceptually and practically, is that it provides a solution to the least squares problem:
Of all the vectors x which minimize IIZJ -AxI\, which has the smallest llxll2? The solution is A+b.
In this paper we consider only square matrices A. Let V, denote the multiplicative semigroup of all n x n complex matrices. For each A E V,, some power of A belongs to a maximal subgroup H of en. If A is singular, the smallest positive integer $J such that A P E H is called the index of A [7] . Now if A has index 1, the generalized inverse X of A in the group H is called, the group inverse of A. Clearly 1 Such matrices are called cyclic in [5] , [6] , and [12] .
that a nonzero matrix A has a unique spectral inverse, AS, if and only if
A has index 1, in which case AS is the group inverse of A.
The purpose of this paper is to investigate generalized inverses of k-circulant matrices. In Sect. 2, the structure of the multiplicative semigroup of all matrices in Vn that commute with a given matrix having distinct eigenvalues is determined. These results are then applied in Sect. 3 to the study of k-circulants.
PRELIMINARIES
Let Z denote an n x n matrix having distinct eigenvalues. 
LEMMA 1. The map A -T-IAT is an isomorphism of %Tz onto D,.
Proof. The following lemma is easily verified.
LEMMAS.
An n x n matrix A is k-circtilant if and only if AQ = QA.
In this case A can be expressed as , a,_1) is the first row of A.
Notice that Q has distinct eigenvalues; precisely, the n distinct nth roots of k. Thus Theorem 1 applies where 2 = Q. It follows then that each k-circulant matrix A has index 1 and the only k-circulant semiinverse of A is the unique spectral inverse AS. In particular, the abelian semigroup %YQ is a union of disjoint groups, each of which is isomorphic to a direct product of copies of the multiplicative group of all nonzero complex numbers.
The spectral inverse As of a k-circulant matrix will now be described. for A+ to be k-circulant will now be given.
LEMMAS.
Let 
